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PREFACE 


Tue inquiry into the theory of the equili- 
bration of arches has hitherto been almoft 
exclufively confined to mathematicians; and 
the moft celebrated of the prefent age have 
thought it worthy their attention. 

The difference of opinion which exifts on 
this fubject may be attributed to the cir- 
cumftance, that practical men have not joined | 
in the inveftigation. 

Much inconvenience has been experienced 
by the archite&t and engineer from fome 
inconfiftencies in the treatifes which’ have 
been publifhed on arches and piers, and alfo 
from the tedious calculations neceflary to 
apply the principles contained in them to 
the cafes of conic fections and mixed curves. 


a | This 
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This inveftigation was commenced for the 
author’s own information, and for a particular 
purpefe; but he has been led to purfue the 
fubject further than he intended, and now 
offers the following effay to the public, with a 
hope that fome of the defeéts in it will be 
afcribed to the interruptions which other pur- 


fuits have necceflarily occafioned. 


In the carly progrefs of this treatife, the 


paper of Dr, David Gregory on the catenaria, 
Phil. Vranf. 1697, induced a conviction, that if 
a fimple mode of defcribing that line geome- 
trically could be difcovered, it would be an im- 
portant ftep towards the attainment of a cor- 
rect theory of the equilibration of arches, and 
their abutment piers. This difficulty, after 


an expenfe of much time, the author has 


furmounted, (fee Prop. 1x. jig. 24.) and a: 


theory anfwering his expectation has been 
thence deduced. 

After this work had been written, it was 
conceived, that an apt reference to exifting 


buildings 
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buildings would bea piain and effectual mode 
of eftablifhing the truth of what 1s there ad- 
vanced: Trinity Church, Ely, and King’s 
College Chapel, Cambridge, were, therefore, 
fixed upon for this purpofe; and an oppor- 
tunity was taken, which profeffional bufinefs 
in the neighbourhood afforded, to make the: 
drawings figures 26. and 27. The fection in 
Price's Obfervations on Salifbury Cathedral 
led to the propofition on flying buttrefies. 

All the fections herein publifhed (with the 
exception of that of Salifbury cathedral) have 
been made on purpofe for this tract, from accu- 
rate admeafurements; and much time and 
expenfe have been beftowed in. obtaining then. 
The author thinks that, in prefenting them to 
the public, he fhall afford to the antiquary 
fubjeGs for curious fpeculation, and to the 
archite& a ftudy from which he may derive 
fome practical knowledge. 

Thefe drawings evidently thew that the 
catenaria has been ufed to afcertain the thick- 

| a2 nels 
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nefs of the columns and abutments in thefe 


edifices, 


Under the head of Introdu€tory Defini- 
tions and Remarks, the word equipollence 
is adopted as a general term, applicable to 
all arches which are enabled to retain their 
actual ftate; whether from the equilibration 
of their parts, or from the mode in which 
they are connected. As the theory of the 
equilibration of arches, and the properties 
of the catenaria, are deduced from the laws 
of motion, thofe laws, which are dire@ly ap- 
plicable to thefe fubjects, are given in the firft 
fection; it being conceived, that the. con- 
venience of a prompt reference to them, if 
neceffary, would facilitate to the reader his 
examination of the fyftem propofed to be 
fupported in the fubfequent fheets. 

The author takes this opportunity of ftat- 
ing, that from an inveftigation of domes of 
equilibration, and their abutment walls, “he 
has reafon to believe, that the outline of the 


ff pace 
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fpace enclofed by a number of chains of equal 
links, connected together, but free to move 
according to gravitation, fufpended from a 
circular hoop, bears the fame relation to a 
dome and its abutment wall, as the catenaria 
does to an arch and its abutment piers ; 
though he has not had leifure to afcertain the 
truth of this hypothefis, He is not aware 
that the curve, which would be formed in 
this manner, has already been confidered by 
mathematicians: fhould, however, any thing 
have been publifhed concerning it, he will be 
obliged to any gentleman who fhall refer him 


to fuch a work, 


14, John Street, Adelphi, London, 
Jan. 1, 1809. 
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INTRODUCTORY 


DEFINITIONS AND REMARKS. 


Fig, 1, Aw arch of equipollence is a curve, 
whofe feveral parts are prevented from. follow- 
ing their natural directions towards the centre 
of the earth by mutual oppofition. The 
refpective actions of the parts are fo regulated, 
that through their reciprocity they muft re- 
main in their actual ftate; or, if they begin to 
gravitate at the fame time, each part muft 
move through the fame perpendicular fpace in 
the fame time, and the chord AB will always 
keep its parallelifm. It is, therefore, of no im- 
portance to the ftability or form of the arch of 
what confiftenicy the foundations A, B are; fo 
that they are equally compreffible, and defcend 
together, keeping their horizontal plane, Un- 
lefs the parts A, B move, no other part can 
move. 


B If 
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If the lines of direction of all the parts cen- 
tered in one point, that point muft receive an 
equal preffure from each part. 

An arch may be equipollent from either of 
two caufes: the one from the relation of the 
weights of the moveable parts, independent of 
any affiftance from continuity, as in an arch of 
equilibration; the other from continuity, when 
the parts do not equilibrate. | 

Equipollence in an arch does not imply that 
every part is equally able to fuftain a given. 
weight, but that it is able to bear an equal 
additional relative weight on each part, or 
that the continuity may be able to balance or 
deftroy any inequality in libration: as in both 
cafes the actions of the parts are the fame, the 
word applies both to the arch of equilibra- 
tion, and to the arch enabled to ftand by 
virtue of the mode in which the parts are 
connected. | 

Every arch may be an arch of equipollence 
if the actions of the parts be equal. Equal 
actions may be obtained by parts of equal 
fizes, and of proportional f{pecific gravities; or 
of different fizes, and the fame fpecific gra- 
vity, as in an arch of equilibration; or of equal 

| fizes, 
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fizes, and the fame fpecific gravity, and faft- 
cned as in a catenaria; or of any fizes, and 
any fpecific gravity, but fecurely faftened, as 
in arches which are built rather from experi- 
ence than principle. 

Here it is to be obferved, that the tenacity 
of the parts, or the cohefion, is always a refift- 
ing power; and from this circumitante an arch 
may be doubly ftrong: it may be equipollent 
irom both equilibration and faftening. 

In our endeavours to form a perfeé arch, 
the confideration, that the more nearly we 
attain equilibration, the nearer we approach 
to perfection, is of the utmoft importance. 

An arch of equilibration being able to ftand 
of itfelf will be more able to fuftain an addi- 
tional weight, and the whole refiftance of the 
cohefion of its parts will oppofe that additional 
weight; whereas in an arch, which does not 
equilibrate, part of the cohefion will be em- 
ployed in refifting the inequality in the actions 
of its own parts. | | 

Equilibration in the bafis is as important as 
in the ftructure of the arch. When a founda- 
tion is uniformly foft or compreffible, it is 
better and cheaper to erect the building on a 


Ba planked 
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planked grating or fleepers, allowing an extra 
height for the probable finking. When the 
foundations are not uniform, an equal bed 
muft be obtained by excavation or piling. 

As no weight has any horizontal force, and 
the refiftance which a force, acting in a hori- 
zontal direction, meets with from a body lying 
on a horizontal planc, is caufed by the cohe- 
fion between that body and the plane; no 
weight, therefore, however fimall, can be fuf- 
pended between two powers acting in a 
{traight line, the parts being perfe@ly free to 
move. 

Fig. 1. If A were a Jubricous particle, and 
F A a lubricous horizontal plane, no lubri- 
cous weight could refift the force of A in the 
direction A I’; two infinite powers muft be 
therefore obtained by the depth in which the 
foundations are funk in the earth. 

All bodies lying on level beds, which receive 
a lateral impulfe, fhould have as much cohefion 
and friction as can be given them. 

Cohefion and friction are increafed by the 
weight of bodies, or by cement and faftening. 

A catenarian curve, or the line formed bya 
perfe@tly. flexible chain, fufpended at its. two 


extremities, is an arch of equipollence. 
It 
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It has hitherto been afferted, that if this liné 
were inverted, and compofed of infinitely {mall 
rigid and polifhed {pheres, it would retain the 
fame form: from this it has been concluded, 
‘that an arch of equal vouffoirs, forming this 
curve, would be an arch of equilibration. 

The fallacy of this opinion appears mani- 
feft, as the connexion which equalizes the 
action in one cafe 13 of no ufe in the other; 
therefore it could not be even equipollent.. 

It is evident the connexion 1s neceflary to 
equalize the actions, fince bodies in inclined 
directions, whether fupported or fufpended, 
lofe part of their gravity, according to 
their directions; and as the direétions of the 
links in a chain differ, their aGions muft be 
unequal, unlefs {ome other force except gra- 
vity be applied to equalize them. This error 
feems to have arifen from confounding the 
equipollence of a catenaria with equilibra- 
tion. 7 | 
Extract from Dr. David Gregory’s paper on 
the Catenaria, Phil. Tranf. 1697. Fig. 23. 

“In a vertical plane, but in an inverted 
“fituation, the chain will preferve its figure 
‘* without falling, and therefore will conftitute 
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a very thin arch, or fornix; that is, infinitely 
{mall rigid and polifhed fpheres difpofed inan 
inverted curve of a catenaria will form an 
arch: no part of which will be thruft out- 
wards or inwards by other parts, but, the 
loweft parts remaining firm, it will fupport 
itfelf by means of its figure. For fince the 
fituation of the points of the catenaria is the 
fame, and the inclination of the parts to the 
horizon, whether in the fituation A C 8, or 
in an inverted fituation, fo that the curve 
may be in a plane which is perpendicular to 
the horizon, it is plain it muft keep its figure 
unchanged in one fituation as the other. 
And, on the contrary, none but the cate- 
naria is the figure of a true legitimate arch, 
or fornix. And when an arch of any other 


“ figure is fupported, it is becaufe in its thickness 
“ fome catenaria 1s included, Neither would it 


66 
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be fuftained, if it were very thin, and com- 
pofed of flippery parts. From Corol. 5. it 
may be collected, by what force an arch, or 


“ buttrefs, prefles a wall outwardly, to which 
“ it is applied; for this is the fame with that 
“ part of the force fuftaining the chain, which 


“draws according to a horizontal direction. 


“ For 


Cao 


« For the force, which in the chain draws in- 
‘“ wards, in an arch equal to the chain drives 
“ outwards. All other circumftances, con- 
“ cerning the ftrength of walls to which 
“arches are applied, may be geometrically 
*‘ determined from this theory, which are 
“ the chief things in the conftruction of edi- 
“ fices. Inftead of gravity, if any other power 
“exert its force, acting in like manner ona 
“ flexible line, the fame curve will be pro- 
“ duced. For example: if the wind be fup- 
“ pnofed equable, and fhould blow, according 
“to right lines, parallel to a given line, the 
*¢ line thus inflated by the wind would be the 
‘fame as the catenaria. For fince all things 
“‘ obtain in this other force, as we have fup- 
“* pofed in gravity, it is evident the fame line 
“ mutt be produced.” 

The truth of the fentence in Italics, in the 
above quotation, is evident, though drawn 
from falfe premifes. It is clear that two 
curves, whofe parts are equipollent and free 
to move, whether from a relative connexion 
of the parts, or from equilibration, muft pro- 
duce the fame form: but the fame reafon 
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which is given, to prove that the catenaria 
would keep its figure unchanged in the one 
fituatiou as the other, would apply to an arch 
of equilibration inverted, as its parts would 
have the fame inclination to the horizon. 
“When a chain forms acurve, and its parts are 
free to gravitate, they endeavour to afiume the 
longeft poffible linc; the curve formed by 
parts, which are in:equilibration, and are free 
to gravitate, is the fhorteft poffible line: in 
the one cafe mutual diftention retains them 
in their fituation, in the other mutual com- 
preffion. Ifthe actions of the parts of an in- 
verted catenaria be equal by gravitation, as 
they muft be to retain their fituation, then 
every. joint in a chain 1s equally liable to 
be broken by the gravitation of the parts; 
but the contrary is evident from experience: 
therefore the inverted curve of a catenaria, 


compofed of equal* rigid polifhed {pheres in a 


platic perpendicular to the horizon, cannot 
keep its figure. By mechanics the actions of 
* Although Dr. David Gregory does not fay equal, he 


evident! y means it ; and it has been fo underftood by others, 
—-(Vide Dr. Hutton’s Recreations in Mathematics. ) 


equal 
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equal bodies, in different degrees of inclina- 
tion, arc unequal; but the actions of the links 
of a chain, free to gravitate, are equal by mu- 
tual oppofition, and are in different degrees of 
inclination: therefore the abfolute gravities of 
the links muft be either proportionally in- 
creafed by the oppofition according to the 
inclination to render their actions equal, or 
the connexion, as a refifting power, mnuft be a 
fubftitute for this increafe. Now bodies may 
lofe, but cannot acquire force by oppofition, 
therefore it is the connexion which renders 
the actions of the links equal; and the in- 
verted curve of a catenaria, compofed of equal 
rigid polifhed fpheres in a plane perpendicular 
to the horizon, without connexion, cannot 
keep its figure. 

_ Fig. 2. Every particle of the arch Bc B, 
A CA, is in an oblique disection, a b, ab, 

&c. except thofe in the direction c C, ne 
are vertical, 

The iron BcB is fuppofed inflexible, in- 
frangible, and fecure at the extremities B, B; 
it is evident, that if the material of which 
the arch is compofed be not liable to be 
crufhed or compreffed, the arch cannot vary 


in 
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inany part. To fubftitute an addition to the 
thicknefs of the arch for this ligature is a de- 
fideratum in architecture. 

It is evident that the deftruction of the arch 
is to be attributed to the parts being forced 
upward, no part being able to fall until fome 
other part has rifen to make way for it: the 
direction of the particles of an arch are cuule- 
quently from 6 to a, fram © toe. 

If the materils ui an arch be Hable to 
compreffion, the iron Bc B would become 
ufclefs. _ 

The object in ufing faftening to the vouf- 
foirs of an arch, is to obtain an effe&t fimilar 
to that which is produced by the iron Bc B, 
and-is fimilar to the connexion of the links 
in a chain, 

If every particle of the arch ACA be 
weighted, fo that it can refift the force with 
which the contiguous particles ftrive to prefs 
it in the direction from 6 to a, however 
weak the material may be, it fhall ftand, 

PerfeGtion in machinery is precluded by co- 
hefion and friction, becaufe motion, its object, 
is thereby impeded. In arches, ftability being 
the object, cohefion and friétion are auxiliary. 

The 
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The larger the‘parts are in an arch, or, in 
other words, the fewer the joints, the lef 
fubje&t is it to variation, as the cohefion is 
greater: but the larger the parts, the more 
liable is the material to fraGture. 

Figures 3. and 4. ABCD are two blocks 
of ftone, taken from a quarry in which they 
have been preffed in the direétion from B to D 
ever fince their formation, fo that their parts 
may be confidered as linear, and fimilar to the 
parallel lines A B and CD. Stone, in the 
direction from B to J), will bear almoft any 
weight; but in the direction from B to A 
would be crufhed or fractured by a compara- 
tively {mall one. It is evident that the vouf- 
foir E fhall be ftronger than the vouffoir F, as 
the fide ab partakes more of the frangible 
direction AB of the ftone than ed: the 
nearer; therefore, the fides of a vouffoir af- 
fimilate to parallel lines, or the more vouf- 
foirs there are in an arch, the ftronger will be 
the material.* | 


* The impropriety of making great fkew-backs to ftraight 
gauged arches is evident, as it refpe€ts the material ; and it 
will be feen afterwards, as it affects the arch: it isa mo- 
dern practice, and is feldom to be found in the old gauged 
arches, 


If 
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If no affiftance be required from cement, 
friction, and faftening, but an equable action 
and rcefiftance in the parts be obtained by 
weight, the fize of the voufloirs, the infrangi- 
bility, the incompreflibility, 1f they be homo- 
geneous, is of no importance. Cement, fric- 
tion, and fattening, and folidity of the mate- 
rial, do not at all deftroy the equilibration of an 
arch; they, on the contrary, tend to refift the 
uncertainty of preflure from other caufes, and 
are not to be neglefted. A brick arch is com- 
pofed of parallelograms, with the interftices 
filled up with cement and flates, or other 
hard fubftances, or cement alone: the diffi- 
culty in practice of making thefe imple- 
ments homogeneous with the bricks occa- 
fions a fettling. 

Fig. 5. Lhe intrados a 6 is fuppofed to 
equilibrate: the matter in the interftices has 
the fame effect as a horizontal force preffling 
in the direction e f to keep the brick in the 
oblique direction cd; if it be inadequate, 
the brick turns on its point at the intrados, 
and every other brick follows. 

Bricklayers from experience build their 
arches in feparate rings without bonding 

. them 
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them together, except where the joints acci- 
dentally meet at 0; by which method they 
diminifh the fize of the interftice, and the 
arch of courfe approaches nearer to homo- 
geneity, and the fkill of the workman be- 
comes lefs important. 

Fig. 6. This arch 1s compofed of ftones, 
with parallel beds and perpendicular joints: 
it is evident no part of the arch can fall 
until fome one of the ftones 0 b flide out- 
wards, or crufh. | 

{t is probable arches of this kind were an- 
terior to the arches whofe conftituent parts 
have oblique lines of conta. 

In this arch it will be feen, that the hori- 
zontal and perpendicular forces are refolvable 
into oblique forces cc; and if the angles 
cdc were taken off, the intrados would be 
an arch. 
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SECT. I. 


OF THE GENERAL LAWS OF MOTION, APPLICABLE TO THE 
SUBJECTS TREATED OF IN THE FOLLOWING WORK. 


PROPOSITION I. 
Fig. 7. Ir two forces urge a body B at the 
fame time in the directions of, and propor- 
tionally to, the fides-B A and BC of a paral- 
lelogram, it will move through the diagonal 
BD. 
. While B moves from B to C fuppofe the 
line BC to move parallel to itfelf into the 
line AD; the body muft therefore be always 
in the moving line BC. When. BC ‘hall 
arrive at ab, let the body be arrived at d; 
then, fince both the line BC, and‘the body 
B, move uniformly, the one along BA, and 
the other along BC, it will be as Ba: ad:: 
BA:AD; therefore BdD is a right line. 
1. The 
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1. The forces in the directions B A, BC, 
and B D, are refpectively proportional to the 
lines BA, BC, and BD. | 

2. The two torces 153A and BC may be 
compounded mto the fingle force BD by 
drawing the diagonal of the parallelogram 
BD. 

3. The fingle force BD may be refolved 
into the two forces BA and BC by de- 
{cribing a parallelogram, having 3 D as a 
diagonal, and 3 A and BC the directions of 
its fides. | 

4. If two forces, BA and BC, a& in 
the directions BA, BC, refpedctively, draw 
Be tothe middle of the right line AC, and 
twice Be is the force compounded out of 
B A and BC, and B « its direction. 

Fig, 8. As the angle A B C fhall decreafe, 
BD will increafe; and when the angle has 
vanifhed, the forces B A and BE will a& 
together in the direction B D, and the com- 
pound force will be the greateft. 

Fig. 9. As the angle A B C fhall increafe, 
BD will decreafe; and when the angle has 
vanifhed, the forces B A and BC will a& 
and react in a ftraight line, and there will be 

no 
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uo compound force, If the forces be equal 
they will balance or deftroy each other; on 
the contrary, if they be unequal, the lefs of 
the two will be deftroycd, and be moved in 
the direction of the greater with a force equal 
to the duiercnce between them. Hence it ts 
impoffible to fufpend !a a itraight line any 
weirht, or a porfecsily flexible chain, free to 
gravitate by the action of any forces, unlefs 
they act in a direction oppelite to that of 
gravity. 


PROPOSITION II. 


Fig. 10. If two forces, A and B, fuftain a 
weight D, and the three forces equilibrate, 
they will be to cach other refpediively as the 
three fides of a triangle drawn parallel to their 
lines of direction H F, F D, DH. 

Let HD reprefent the weight, and produce 
AH and BH, and complete the parallelogram 
HF DE; and by the laft propofition the force 
D H is equivalent to the two forces H E and 
HF: put, therefore, the forces HE and HF 
inftead of D H, and the forces will {till equi- 
librate. Therefore H F is equal to the oppo- 

om fite 
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fite force A and HE, or DF to its oppofite 
force B: therefore the three forces are refpec- 
tively as HF, FD, and D H. 

1. Hence the forces ABD are refpec- 
tively as the three fides of a triangle drawn 
perpendicular to their lines of direction, as 
fuch a triangle will be fimilar.* 

z. The diagonal of a parallelogram mutt 
always be the line of direction of the refift- 
ing power; and the two fides interfecting 
it muft be in the direction of the adting 
powers. 


* Fig. A. Demonftration: If the line N D beat right 
angles tp the fide K M (as we fuppofe), we haye the two tri- 
angles, MN D and M KP, alike; as they have each a right 
angle, and the angle K MP common: the angle K will be 
equal to the angle NDM. By a familar reafoning it will 
appear, that the angle L is equal to the angle OD M; but 
as the angle OD M is equal to the alternate angle EHD, 
it follows that the triangle K M L is fimilar to the triangle 
EHD. 

The power A may therefore be expreffed by K M, the 
power B by ML, and the power C by KL, each line 
being at right angles to the power which it expreffes. 

It may be needlefs to obferve, that any triangle, KR S 
having its fides at right angles to the direction lines of the 
power, although they do not cut them, will alfo exprefs the 
relation of the powers ABC. 


3: If 
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3. If any number of forces act againft 
any point in one plane, and equilibrate, they 
may be all reduced to the action of three, or 


of two, equal and oppofite ones. 


PROPOSITION III. 


Fig, 11. If one body adéts againft another 
body by any kind of force whatever, it exerts 
that force in the direction of a line per- 
pendicular to the furface whereon it ats. 

Let the body B be aéted upon by the force 
AB. The plane C D, and obftacle E, hinder 
the body B from moving: divide the torce 
AB into the two forces CB and FB, the 
one parallel to the plane C 3, the other per- 
pendicular; then the plane: will receive the 
perpendicular force F B, and the obftacle E 
the parallel force CB. Take away the ob- 
ftacle E, and the force CB will move the 
body along the plane C D with no other 
hinderance than may arife from cohefion, oc- 
cafioned by the preffure of F B on B, which 
would be nothing, were the furface and body 
B perfectly fmooth. The force CB, there- 

c 2 fore, 
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fore;“having no-efect,. the remaining force 
FB will be the only one whereby the body B 
acts againtt the plane CD, and that in the 
direction F B, perpendicular to it. 


PROPOSITION IV. 


Fig. 12. The force wherewith a rolling 
body defcends upon an inclined plane is, to 
the force of its abfolute gravity, by which 
it would defcend perpendicularly ia. tree 
{pace, as the height of the plane is to its 
length, 

Daw FE perpendicular to A B, (by Piop, 
IJ. Fig. 10.) A E (being horizontal, and con- 
fequently at right angles to the direction line 
of gravity,) will exprefs the abfolute gravity of 
C; FE will exprefs the force with which it 
defcends in the dire@ion AB, being at right 
angles thereto; and AF, the force with which 
it preffes the plane A B, being at right angles 
to the direction of that preffure: and by fimi- 
lar triangles, the weight of the body, its 
force in. the diretion of the plane, and its 
preflure again{t the plane, are refpectively as 
AB, DA,andDB. 

43 7 | Suppofe 
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— Suppofe the plane A B to be parallel to the 
horizon, the cyhuider H will be at reft upon 
any part of the plane where it is laid; becaufe 
the fupport or hinderance from the plane 1s 
equal to the whole abfolute gravity, and_ its 
dorce is deftroyed, and there is no height to 
reprefent any. 

It the plane A B be elevated, % as to be 
perpendicular to the horizon, the cylinder 
C will defeend with its whole force of gra- 
vity, becaufe the plane contributes nothing 
to its f{upport or hinderance. | 

1. If two bodies-defeend by the force 
of gravity from the points D- and B; one 
by the inclined plane B A, and the other 
by the line D A; ‘and the former be equal 
to BA, and the latter to DA; they will 
require a fimilar force to fuftain them in 
their direClion, or fhall defcend with equal 
force: or if there be two planes (fig. B.) 
of the fame height, and two bodies be laid 
upon them proportional to the lengths of the 
planes, they will mutually fuitain cach other 
if they, be connected by a firing, having 
liberty of motion over a pulley, and acting 
parallel to the planes. | _ 

C3 | 2, The 
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2. The gravity of a body is decreafed 
the nearer its direction 1s to a horizontal 
line: if the direction be a horizontal line, 
it has no gravity.* 

3. The difficulty of moving bodies on a 
horizontal line arifes from the refiftance of 
cohefion; and that of continuing the motion, 
from the refiftance of friction. 

4. In bodies on inclined planes, what- 
ever be the length of the plane, if the ver- 
tical lines or heights be equal, the forces of 
the bodies (their weights being in proportion 
to the length of the inclined planes,) fhall be 
equal. 


PROPOSITION VY. 


Fig. 13. Let there be any number of lines, 
AB, BC, CD, DE, &c. all in the fame ver- 
tical plane, connected together, and moveable 
about the joints A B,C, D, &c. (the two ex~ 


#* It will be obferved, that matter can never Jofe its 
gravity but as two equal powers in oppofition deftroy each 
other; therefore the gravity of a body may be faid to be 
diminifhed on an inclined plane, and to be deftroyed, or 
the body be faid to have no gravity on a horizontal plane. 

treme 
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treme points, A and G, being fixed). It is 
required to find the proportion of the weights 
to be laid upon the joints B, C, D, &c. in the 
direction of the radii from thofe points, fo that 
the whole may remain in equilibrio. 

From the feveral joints, having drawn the 
lines Bb, Ce, Dd, &c. reprefenting the 
direction in which the weights are to act 
at the joints B, C, D, &c. ere& the equal 
perpendicular lines Bu, Cp, Dd, &c. and 
draw the horizontal lines 2 6, pc, &c. .inter- 
fecting Bb, Cc, &c. in b, c, &c.; then BS, 
Cc, Dd, &c. will be proportional to the 
weights required, 


c4 TABLE 


TABLE I. 


Lable skewing the respective absolute weights of bodies shding 
down tnelined planes in the differcnt degrees af inclination, be- 
ween a hortzoneal and perpendicular line, so that their forces 

may be equal, a 


ver: ee Pivectid ternal de Litens bela desdnaner ins > PshooutsPhendivats 252s, matnn.diienacd Meat’ sa hao atht-0 Merk, snthindé Bar did.aes betwee et eee 
OD a a een en ER meee 


Abfolute Weight. Abfolute Weight 


Degrees . 


Abfonte Wehr}? Decrees. Degrees. 


— 


ed 


Harizenta), {ainite. | : 
1 | 58,823 31 1,941 1,143 
2 28,572 32 1,887 1,153 
3 19,231 33 1,835 - 1,122 
4 14,286 34 1,112 
5 -f 11,404 35 1,104 
6 | 9,615 |} 36-7 1,095 
ot 8,196 | 37 1,087 
8. 7,194. || 38 1,079 
9 6,410. |] 39 1,071 © 
eae been yey 40° 1,064. 
1] 5,236 41 foo 1,058 
12.0 Pe 4808 T 4Qeepe 1,052 | 
Df bddd I 43 - 3,046 - 
14 $132 P44, ‘1,041 — 
16 J. 3,801. |}. 45 = 1,035 °° 
AG PB 6230 46 is -1,031-- 
IZ BARR Pe 47 do 7,808. 1,027 
1Be1e . 85236 % IP 48 13346 elG02e. 
Toren Wa Uy ay aces |e 9 ed Ocoee bees a 4,018 
a ie Rea) a ee |e hes ae Jo 1,015: 
2 Peles ee 1,012 
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TABLE IL 


Table shewing the force of a body, whose weight 7s 1,000, sliding 
down inclined planes in the different degrees of inclination, be- 
tween @ horizontal and perpendicular line. 


Deerces, Force, . Deprees, Force. — Degrees. Force. 
Horizontal. r¢) . ‘ 
1 17 61 
 Q 35 62 
3 52 63 
4 70 O4 
5 87 65 | 
6 104 
7 122 . 
8 | 139 
a6) 156 
10 174 
VU 191 | 
12 208 
13 - 225 
14°] .°: 242 
WS [259 
16°}. 276. | 


SECT. 
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SECT. IL. 
OF ARCHES OF EQUILIBRATION, 


In the following propofitions the fections of 
the arches and abutments are ufed for their 
folidities; and the parts are confidered as ho- 
mogeneous lubricous reétangular planes of 
equal thicknefs which prefent their edge in 
the. fection. . 


es PROPOSITION VIE 


Fig. 14. Given. the length of one plane 
V b, and its direction ; and the direction of 
other planes ed: the extremities dd, &e, of 
all the planes are tangents to the femicircle 
AVB, and compofe the femicircle. The 
planes are re@tangular, and of equal thicknefs; 
content their maffes wih be | as : their 
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Draw de parallel, and equal to V 6 and Ce 
horizontal, cutting de ine, eé: de, de, fhall be 
the lengths required. 

Demonftration: The actions of the weights 
ed, ed, are equal; as cd, c d, are equal: and 
A V 33 is an arch of equilibration, having eee 
as an extrados. | -* 

1. If the planes were not at right angles to 
the tangents at the points dd, the lines de, de, 
&c. could not exprefs the maifes of the planes, 
as de, de, would differ in their widths. 

2. The plane de, being at right angles 
to the tangent, mutt be the joint effect 
of the two equal actions of the adjoining 
planes, and the three forces fhall equilibrate. 

« Mae Tf the arch had any folid abutment 
of rock, or earth, a e I; the. refiftance 
from fA de would be alone neceffary, and 
ef would be the boundary on that fide; 
or the, rock | might ‘bee cut ‘in - the ‘form 
| tn the eredion’ of arches it is not ‘only hes 
‘éellaty to obtain: a “good. foundation to ftand 
‘upon, but it is alfo. neceflary. to obtain 8 good 
foundation to puth againg — 
ae } vale : has. been befor 


‘proved, | hats , ae 
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weight free to gravitate can be fufpended 
by two finite forces acting in a horizontal 
line; from C towards A, and from D to- 
wards B. An infinite horizontal refittance 
muft interfeG& the line ee fomcewherc; that 
the arch may equilibrate: the folid earth or 
rock is fuppofed to be that refiftance; there- 
fore in no cafe can the height of V, above 
the earth or rock, be cqual to the abfciffa 
of the arch, when ee continucd fhall be 
the form of the extrados. 

5. It will be obferved, that the planes are 
confidered rectangular parallelograms; con~ 
fequently, when placed 3 in the circumference 
of a circle, there would be interftices between 
them, increafing 3 in. width from d towards. e; 
were the arch only compofed of “planes iffuing 
out, and. having extremities in ‘the intrados. 
But this j is not the cafe, every. interftice as” it 
occurs being filled. with. facceffions of re@an- 
gular parallelograms; the extremitics of. which 
form intradoffes to other arches of -equilibra- 
tion, until. the: whole {pace ed, edi is. filled: 
and. the contaé of every plane c can be but at 
its lower angles x 
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6. It is held by fome, that an arch which 
{prings from a horizontal bed, C A, exerts 
no thruft on the pier which fuftains it; 
and by others, that it does: the former is 
theoretically, the latter experimentally, true. 
By Prop. i. fig. 11. 1f A C were a lubricous 
plane,.the arch A V would flide off the pier 
at the level A C, being alfo lubricous, how- 
ever thick or flender it might be. The arch 
itfelf can, therefore, exert no thruf{t on the 
picr; but as the two furfaces always cohere, 
cither from the weight or cement, or from 
both jointly, the arch A V, in endeavouring 
to flide off the pier in the horizontal direc- 
tion, is refitted by that t cohefion, ane affects 
the “pier... 7 | 

Figures 1s. 16 Te d 8. 19. 20 — The 
fame principles, ty. which the equilibra- 
tion of the. {emicircular arch 1s found, will 
apply. to. every. curve whofe. tangents, and 
the. thicknefs_ ate: the. vertex, are. given; 
and ‘the fame procedure as hewn in. this 
szample, when applied to another ~ “curve 
| will produce its 


extrados of equilibration. 


8. The 


( 30 ) 

8. The lower the arch at V E may 
be in proportion to its fpan AB, and the 
greater the thicknefs at Vd may be, the 
nearer will the .extrados, immediately over 
A B, approach a horizontal line. 


PROPOSITION VII. 


Fig. 21. Given the horizontal line A B, 
being the extrados of an arch, whofe parts 
are lubricous, and are fufpended between 
two lubricous abutments; the force of one 
of the parts, V 6, being alfo given. 

Required the intrados, fo that the parts 
fhall be in equilibrio? 

It is evident that C D would be the intra- 
dos required; and C A, ea, DB, &c. would be 
the direction of the parts, were it poffible to 
obtain. ce ‘refifting, abutment in a horizontal 
direétion: or. rather to: fafpend ABDC, 
by a preffure at right angles to DB and 
CAs ‘the: abutment mutt therefore be. ob- 
Tique. Let F and. H be the abutments, and 
Ae and Be their. lines of. obliquity, forming: 
the fame angle with : a vertical line 5 3. i protratt 


Me 
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Aeand Be until they meet in E. From E, 
as a centre, defcribe the arch dd, and take 
any number of parts d,d; through which 
draw the lines ae, ae, equal and parallel to 
V 4; and draw through d, d, cd f, cdf, radi- 
ating from E, 

t.Ifc fief, &c. were the directions of the 
planes, the moment liberty of motion fhould 
be given them, they would turn on d as a 
centre, and fall 1 in the direction ae. 

2. If the extremities cc were held firm, 
they would either bend in the direction 
ede, or all the parts below the line ddd 
would break off, beginning from e at. the 
abutment,* as thofe parts could receive no. 
refiftance from the aaa and the arch 
mutt fall. oe - 

“3. If the extrados ee been. b be ‘any y thing 
below 6 d, the arch mutt fall. inftantaneoufly, 
as it could not receive any. fuppert from the, 
abutments between m a Mm. oe 

A “As: Os of; are not fitter: planes, thee 
aéions ¢ cannot be. eepecfented by. a ga ae : 

. Ste the arch over the: sew ylang from Gry . 
Ton Square to 9 Gray's $ Inn Lane. aed 


5. The 
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s. The intrados of an arch, whofe ex- 
trados fhall be horizontal, muft be hori- 
zontal alfo, and vice verfa; and the parts 
muft :lfo be in a vertical dire@tion, which 
is impoffible: and no arch of equilibration 
can have either a horizontal extrades or 
iutrados.* 


PROPOSITION VITY. 


| Fig. 22. Given the extrados C b D, and 
intrados A V B, being a femicircle to which 
the extrados 1s parallel. 

Required the direction of the parts, fo that. 
they may be in equilibrio > | 


*% Where the fofites of arches, over the openings of 
windows, &c, are required. to be. horizontal, the arches are 
of this ‘defcription, although: ‘thefe: arches appcar to bear. 
great weight, i in reality they only fuftain their own, They 
care. (in brick-work) only four inches thick, and the i inner 
‘part of : the wall above is fupported: either bya wood lintel, : 
fa different -defeription ; 5 and they. are. relieved 
from. ‘the. part ft: anding: on them by laying the firft courte 
of bricks all headers: by. which means the weight 1s thrown 


or an ar che 


upon the i inner rch. or lintel. kee | 
T he. parts ts oft thefe arches are held ogee by t the adhe 
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The force at V mutt be Vb. Draw from 
any points, d, d, the lines c d, cd, parallel 
and equal to Vd, and ce horizontal, cut- 
ting the extrados in ee; draw ed, ed, which 
are the direction of the parts having equal 
actions. 

Referring to the laft propofition of the ho- 
rizontal arch, it may be obferved, that a frac- 
ture would alfo take place at this intrados, 
the part dA of every plane being fubje& to 
be broken. The plane de preffes on the ad- 
joining plane in the direction dh, and is 
refifted in an oppofite. dire@tion from the 
abutment; and the. part dA can. only be 
prefled by a force equal to that with which 
it: preffes, therefore there is nothing to break 
it. Were the preflure at the: extrados , the 
parts. em would evidently. be fra@ured from 
every plane, as. there i As” ‘no refiftence to the 
force with which, it E would ‘be. proed be- 
tween and me ee 

The extremities sof the planes. id ea cee 
if € redltietlan ‘cannot form: the intrados. of 
the femicircle; becaufe, if. they form. the: 
intrados, they will. be thomboidal. and diffi- : 
rile, and | beg aie, ed, ed, éannot 

ere _. feptefent 
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reprefent their refpective forces: and CbD 
cannot be an extrados of equilibration to 
AVB. — | 
~ When the extrados and intrados, of a 
compofition of Jubricous forces in equilibrio 
in the fame plane, are parallel, they muft 
be right lines; as the dire@tion of each of 
the forces muft form the fame angle with 
a horizontal line: no arch of equilibration, 
therefore, can have its intrados and extrados 
parallel. | our | : 

From this fection it will be feen, that the 
extradofies of equilibration, of circular, ellip- 
tical, and cycloidal arches, are the moft con- 
venient forms for the extradoffes of bridges : : 
and thus nature, in this inftance, has not been 
fo much at variance with herfelf, as: by her 
Jaws to. preferibe a form. to the extrados of a 
perfedt | arch, * : which 3 is wholly, tenets 
to the ufes of. mankind” oe : 
As the dire@tions of t he wits of any curve 
(being refpeatively at Hes? to ae a : 
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with the abfciffla of the curve, as they are 
diftant from the vertex, confequently the ex- 
trados and inirados of the hyperbolic arch 
cannot approach each other; nor can thofe 
of the parabolic keep always at the fame 
diftance: but all curves, compofed of lomo- 
geneous materials, muft be thicker at their’ 
extremities than at the vertices, to be in 
equilibration. _ : 

Thefe refults are in oppofition to Hicks of 
Dr. Hutton; but the methods, by the refo- 
lution of forces, adopted here, are the fame 
as-in that work: the difference arifes. in the 
application. | 

Tt is manifeft, that “whine ret ‘tight, be 
placed upon an arch. will have a vertical 
direction, unlefs artificially. arranged ; and it. 
is. alfo manifeft, tha the direction. of. ‘every. 
part. of an | arch, - Bxeep that at the vertex, 1s 
oblige 
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preffes its action in the direction of the plane: 
the fame laws apply to the voufloirs of an 
arch, The obje& of inquiry, in our endea- 
vours to obtain an arch of equilibration, is 
the abfolute weight of each vouffoir in its 
oblique direétion ; whether arifing from the 
materials folely of which the arch is com- 
pofed, or partly from the weight incumbent: 
and it is always to be kept in mind, that 
when gravity is the fole a€ting power in a 
compofition of lubricous forces, that an addi- 
tional force acting vertically, and not deftroy- 
ing the equilibration, cannot alter the direc- 
tions of the parts; and, confequently, that 
the equilibration of an arch muft invariably 
depend upon equable actions in the dire@tions 
of its youffoirs. It is, perhaps, not unnecef- 
fary again to repeat, that the direétions of the 
vouffoirs fhould. be at right angles to the tan- 
gents of the refpedtive parts of the intrados of 
me arch which ‘they occupy. . Sa 
oe controverting the ssinciplea in 1 the ‘work 
above alluded to, . this opportunity is taken of 
acknowledging the’ ‘information which - has 
been derived | from it; : j and | it” is hoes ‘that 
SRR CR eRe ee ne other 
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other branches of architecture, which are but 
little underttood, may alfo derive affiftance 
from the extenfive mathematical knowledge 
which its author poffeffes. 


SECT. IL 


OF THE CATENARIA. 


Iw inveftigating the properties of the cate- 
naria, it is neceflary to confider the means by 
which we acquire a knowledge of its form, 
and other circumftances Attending that mode 
of formation. ; | 

. Fig. 23.—1- The: lie. A B is” 3s forined 
from a chain compofed of links connetted. 
together, having a free motion in any diree- 
tion at each ‘connexion, but infeparable. . 

ee. TE one link 3 is at ‘eft, the whole chain 
aut be at reft. If one link is in motion, 
the whole chain mutt be i in ‘motion, ae 
3. When the Tinks: are. free” to ‘grovitate, 
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they endeavour to affume the longeft pof- 
fible line. 

4. The lines formed by a chain are either 
ftraight or curved. 

5. When the length of the chain DC is 
equal to the fhorteft diftance between the 
extremities, and is free to move, the line 
Is vertical, 

6. When. the length a the chain exceeds 
the fhortett diftance between the extremities 
of the chain forming the curve, and the links 
are free to move, the. line AB, formed by the 
chain, is a curve, and. the longeft which the 
links can. then affume ; and i 1S called the cate- 
paria, = : | 
ee When a chain | is ‘free to move at every 
‘connexion, and forms a curve, a force atts at 
each extremity A B of the chain forming 
the catenaria, and. ‘there only; and when it 
forms: a ftealehe line, a 1 force ads only at one 
‘saticmity) De: acess 
: 8 ‘The line j is drawn rough the point of 
: connexion, ae oes : 
3 Oe No catenaria can be an ‘abligue or chpas 
rontal ‘traight line, as no compound forces 
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can fifpend a perfectly flexible weight in a 
{traight line. 

10. The catenaria is multilateral,* the line 
from a to d through the link being a fide: 
when the links are equal, and the line is 
ftraight, the lines forming the catenaria are 
equal. When the links are equal, and the 

catenaria is curved, the line neareft the centre 
of the earth is the shorteft and horizontal, 
that link lapping moft over the adjoining 
links; and the lines increafe in length as they 
are diftant from that line, and they approach 
nearer to vertical lines. If the forces were at 
an infinite diftance from the fhorteft line, the 
two lines neareft the forces would be vertical, 
and the longeft. a Sf sab 
- 11, Every fide is a tangent to the. curves 
the direGiion of each link 1 is "at right angles to 
the tangent of the | curve, or to the fide made 
by. the link in the curve, : : ai 
ee Every. link a@s in a diretion perpendie’ 
‘ctlar to the line it forms i in the catenaria ; and 
when the fam of: the angles, which | thefe di- 


* The i impropriety bf calling the fame figure both ak. 
silateral and a. CURVE, | is /excufed b a reference to the circle 
es a a precedent ae ee ee 
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rections form with a horizontal line, is equa] 
to 180 degrees, the abfciffa of that catenaria 
mutt be infinitely long. 

13. “ All catenarias are fi milar to one 
“another, fince they are generated by a like 
 conftrudtion of like figures fimilarly pofited. 
“¢ Whence two right lines, alike inclined to the 
“ horizon, drawn through the vertices of the 
“ chains, will cut off fimilar figures and por- 
* tions of the chains, which are proportional 
“to the right lines fo cutting them off. 

—I4. “Tf the chain ACB is fufpended at 
“ the. points A and E, which are at unequal 
«“ heights, the part of the curve AC E con- 
“ tinues the fame as if it had been fufpended 
“at the points A and B, which are equally 
bs high; becaufe it is all one, whether the 
“ point E be fixed to’ the plane or not.’ —~ 
Dr. David a Greer | Phil. ‘Tranf, 1697. 


PROPOSITION IX 


Fig: 44 4. To deferibe : a - catenaria.. 1. Fret 
‘any ‘points. aa, “of. a ‘curve AB, ‘ere any 
ae, and draw the 
Zi , which inter- 


equal vertical lines. ae, 
indefinite ¢ horizonal lines et 
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fet at b, by the lines ad, ab, at right angles 
to the tangents at thofe points. Make cb 
equal to the line e 5, and conftrué the fimilar 
triangles c b d. | 

Through dd draw the line required.* 

Catenaria may be of as many forms as the 
gravity and fhapes of the links in a chain may 
be varied. ' The catenaria formed by fimilar 
and equal links will be found from the circle, 


as in this propafition, a 


. Hwee firaple this fangs of confiruting the cate 
naria may be, the reader is referred to Dr. David Gregory’ $ 
paper, which will fhow. the thought and labour neceffary: 
for fuch an inquiry, Although the author had early reafon: 
to doubt the univerfal opinion, . that the properties of this 
line were exclufively within the reach of the higher ma- 
thematics, - this method i is neverthelefs the refult of various, 
and repeated attempts. Pacr mene rr ene ever 


SEQT, 


( 42 ) 


SECT. IV. 


©F ABUTMENT PIERS Of EQUILIBRATION} OF BRIDGES OF 
MANY ARCHES; AND OF THE FLYING BUTTRESSES 
OF CATREDRALS, 


PROPOSITION X. 


Fig. 25.* Betow the line E A B is folid 
immovable rock: upon which it is required 
to. erect a femicircular arch, CV, &c, ftand- 
ing on abutment piers, whofe height is equal 
to C A from the line EA B, and the thick- 
nefs of the arch at the vertex is equal to Va; 
fo that the arch and abutment piers fhall 
equilibrate i in every part. 

Defcribe the extrados of. equilibration ee de 
to the arch OY, » (by Prop, vi. Fg 4) 


* a pier is Sinlerfiood: to be a body which is only a 
weight i in a perpendicular ¢ direétion.to fupport 5. as a pott, 
or the middle ae in. u bridges where there are many 
arches, ; eee ES - 

“An abutment pier is dnderftogd to re a a boty which both 
refitts a force i in'a ‘perpendicular direction and j in a lateral 
dire@iion : “ima bridge ‘of one: arch the piers are ‘abutment 
Piers, 0 ‘or in a a bridge of many arches the external Des are. 


: ae : Prop, 
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Prop. ix. fig. 24. draw the catenaria x a, 
cutting the line E A Bin H. Draw the line 
H F, which interfect, in I; from J, as a 
centre, with the radius I H, interfect the 
extrados of the arch of equilibration in K, 
Draw KM and K H, and complete the pa- 
rallelogram K HLM. | 
VMLHK 1s half the arch and abut- 
ment pier required: AN is the depth the 
abutment pier muft be funk in the rock. 
MLN is a filling-in to form the opening 
AVB. The direétion of the parts, between 
M and V;, converge to F; the remainder are 
parallel to K M. It is neceffary to obferve, 
that the catenaria itfelf might-be the extrados 
of the arch; but then the direétion of the 
parts muft be at right angles to the. tangents 
of the. intrados of that catenaria. | 
. Although the part M CLN is of 1 no 
abGlute ufe in fapporting the arch, or in 
‘refitting its fhoot, neverthelefs, i in cafe any of 
the intenfities of the parts between K and H 
fhould be: deftroyed by adventitious circum~ 
ftances, it will be: of amportane fervice « as a4 
Aelitenee, eo! ee 
2 It will | spear CF the ox ! ince of the 
oe an eae he buildings, 
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buildings, fhewn in figures 26. 27. 29. and 
30. that the joints of the mafonry in the 
abutment piers may be horizontal, the ‘cohe- 
fion being a fubftitute for the oblique direc- 
tion.* 

By Prop. iv fig. 12. KM, em, aV, &c. 
expreis the force with which they are prened 
by a body fliding down them, when ¢ m ex- 
preffes the aciion of the body in a horizges:cal, 
direfion. Now the refiftence which i Mi, 
2m, &c. can make to the body is infinite, ad- 
mitting that its fubordinate parts.are incom- 
preffible ; therefore there can be no limit to 
the weight which KM, em, Va, &c. can 
fuftain, that weight adting at right angles to 
their directions: therefore, if the lubricity be 
deftroyed, and the dire€tions of the forces re- 
main the fame, the homogeneity of the ma- 
terial is of no importance. Hence arife two 
different modes of obtaining the extrados of 
an arch, which are the fame 3 in the refult, (ad- 


* A block of ftone will be at reft, lying on another 
block at an angle of 35 degrees: if, therefore, the true 
obliquity fhall be lefs than 35 degrees, the. Joints may ‘be 
horizontal ; if more, then the joints muft haye an obliquity, 
ora fubltitute equal to the difference, 

me mitting 
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mitting lubricity as a datum) although arifing 
from different applications of the refolution of 
. forces: the one is, as before defcribed, by 
confidering K M, em, &c. expreffive of the 
abfolute gravity; the other, by confidering 
KM, em, &c. expreflive of the preffure at 
right angles thereto. In cither cafe the 
modes of conftruétion muft produce an equa- 
ble action ; but it is of theut moft import- 
ance that we fhould confider the latter in 
practice as the true and juft method, and in 
all cafes to be reforted to. By altering the 
homogeneity of the parts according to the 
firft method, that is, by making fome of the 
youtlfoirs of lefs fpecific gravity, they would 
confequently be protrafed beyond the ex- 
trados a k; and the arch will, neverthelefs, 
eguilibrate, but the lower protracted parts 
muft neceffarily be unrefifted, and be broken 
by the fupertor, On the contrary, if & m, 
em, &c. be confidered expreffive of the re- 
fiftence it oppofes to the weight which it 
fupports, the heterogeneity will not deftroy 
the equipollence of the arch, unlefs the parts 
are lubricous, This latter method will not 
admit of any variation in the extrados: the 

one 
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one can never apply in prattice, as no ma- 
terials are lubricous; the other muft apply 
invariably, 

3. As the catenaria may be extended to 
infinity, fo may the height of the areh and 
abutment piers. The greater the height of 
the arch, the nearer will the Jine K H ap- 
proximate to a perpendicular; and if the 
height be infinite, C N continued fhall be 
one fide of the abutment pier, and a line 
parallel at an infinite diftance from C thalt 
be the other. In no other cafe can a per- 
pendicular line form the boundary line of an 
abutment picr, containing the leaft poffible 
materials, 

4. If any part of the abutment pier KH 
ML were under water, that part would lofe 
fo much of its weight as might be equal 
to its bulk of water, admitting that the 
water preffed on the underfide. | 

There are experiments in hydroftatics to 
prove, that bodies ‘{pecifically heavier than 
water may be made to. {wim, by taking away 
the faperincumbent water ; -confequently their 
fpecific gravity, by immerfion, may be dimi- 


nifhed beyond » what may. arife from, the whole 
; jl - being 
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being immerfed, or the fame effect will be 
produced. 

It is alfo proved, that a body {pecifically 
lighter than water may be made to fink, 
cr lie at the bottom of a veffel, by preventing 
the water acting on the underfide : its fpecific 
gravity will therefore be increafed, and this 
diminution or augmentation of fpecific gra- 
vity will be in proportion to the depth. 

oe If K H, one fide of an abutment pier, 
be immerfed in water from P to H, it will 
be preffed by the water PRH, and its {pecific 
gravity will be increafed ; becaufe, if it were 
to rife, befides the refiftence of its own gra- 
vity, it would have to remove the water 
PRH. (See alfo the fides Er, N 4, fig. 28.) 

6. If the piers of the arch were built upon 
ftilts, or on. ground through which water 
exudes or gulls up, it is evident the fpecific 
gravity would be decreafed by the water 
prefling upon the under furface; but this 
preflure could not have any effect on the 
equilibration or duration of the arch, as it is 
only an. active uniform: force inflead. of a 
refitting force, oa ss _ 

7. In. the creation of a ‘bridge of many 

- : arches, 
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arches, it is advifable that each pier may 
be confidered as an abytment pier; that is, 
that it may be able to refift the thruft of half 
an arch. If this be the cafe, if all the arches 
are of the fame fize, one centre will ferve for 
the whole bridge. 

Mr. Labely, in the erection of Weftmintter 
bridge, from following this principle, made 
nine centres ferve for the fifteen arches of 
that bridge. He turned the three middle 
arches firft; he then ordered fix centres for 
the arches on the Weftminfter fide, which 
afterwards ferved for the arches on the Surry 
fide. 

8. Figures 26. me 27. are feltions of Tri- 
nity Church, Ely, and King’ s College Chapel, 
Cambridge. 

The dotted lines fhew how the abutment 
piers ought to have been conftructed accord- 
ing to the foregoing theory: to contain the 
leatt quantity of materials, and fupport the 
arch ‘independent of any thruft from the 
roofs, eae 
—Q. Te an 1 abutment. pier + fhould be outa 
for any arch of. any curvature; it will be 
found, Py Asteribing » a -catenaria with the 
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feveral lines at right angles to the feveral 
tangents of the curve; in the fame manner 
as the catenaria 2 was found to the femi- 


circle C V. 


PROPOSITION XI. 


Fig. 28. Given a river, of which A B 1s 
half the width: it is propofed to build a 
bridge over it of three arches; the middle 
arch to rife the height A V, above its spring- 
ing AE, and the upper part of it to be a 
portion of a circle, whofe radius.is CV: 
its thicknefs at the vertex to be VF. Below 
the level G H 1s folid rock.” s 

Required the. form of oe three arches, 
the thicknefs of the piers, the depth the piers 
fhould be funk in the rock, and the extrados 
of the bridge; fo that the whole may be in 
equilibrio} ? 

From Cc defcribe the indefinite circle Vv f 
and find by Prop. = Sg: 25. ‘the abutment 

pier Sa d, &ec. to the arch Vi having a 
given lateral refiftance at ‘the level AB from 
the > fide arch. Continue w nft to GS interfea- 
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ing A Bin X; from X defcribe the circle 
JE, touching V fat f. V/E is the form 
of the middle arch. | 

Find by Prop. x. fig. 25. the extrados and 
abutment pier F 7 2i@ to the arch V i 
With the radius X E defcribe the indefinite 
arch N 4, touching the line z #7, whofe centre 
R * is in the line A B. 

E N is the thicknefs of the pier. 

By Prop. x. fig. 25. find the extrados and 
abutment piers my, rm, to the arch N 4, 
having V F as the thicknefs at the vertex, 
and the level GH as a lateral refiftance: the 
line yr muft neceffarily be a tangent to the 
arch FE continued. Draw rl Ki, and the 
pier is complete. 
| From B, on the line AB, fet off aie 


diftance B T equal to RN; and from T, as a 


centre, ‘defcribe the indefinite. arch B&. Find 
the ¢ centre es of the circle which fhall touch 


eR is found by. drawliig. a line parallel to x7, at a 
diftance XE, which will interfect A B at that point. 


+ This centre is found thus: ‘Make VS equal to TB, | 


and: draw the line. ST, which, bifedt i int From ¢ draw 


i wat right angles to § T; “interfedting | A Cc continued, 


The point of interfeBtion i is s the entre sequired. Sey! 


the 


| a ee, | | 
the arch V/f at V, and the arch B&. De- 
{cribe from it the arch V 4, touching the arch 
Bé& in &; and by Prop. x. fig. 25. find the 
extrados of equilibration and abutment - pier 
F WoML to the arch V x y 4B, whofe 
thicknefs at the vertex is VF, and having 
a lateral refiftance at the level GH. F W is 
the extrados of the bridge. 

- From the centre of the arch V & draw the 
line e & through T, interfecting the arch in &. 
Make Nd equal to B&; and from 4, through 
R, draw 2 P, interfeéting e&in P. From P, 
as a centre, defcribe 4 &, ‘touching the arches 
Nfand B2 in & and &, 

NAB is the fide arch required. ~The 

bee Is NOW complete. | 
By making EN an Hausen pier, 
a of the arches may be turned, and the 
centre ‘truck; and one centre will ferve for 
the two arches, | : - 

_ There are other great advantages and con- 
veniences attached to this mode of conftruc- 
tion; in refpect to damming out the water, 
conftruction of the centres, paffage of the 
river, &c. befides the important confiderations 

| E 2. woes that 
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that the arches are independent of each other, 
and that the deftruction of onc arch will not 
be followed by that of the whole bridge;. and 
that the middle arch may be turned firft, by 
which the ufual {ettlements in the fide arches 
may be avoided. 

2. The picr I. N is too wide by + m, when 
the bridge is complete, and every part has 
taken its proper bearing; generally it will be 
found, that the arch » x y & will be too flat 
for the thicknefs V F at the vertex: the part 
6 A wm 1s contrived to obviate that. difficulty ; 
and it does not deftroy the equilibration of 
any part of the bridge, and. is found thus. 
Let fall the perpendicular lines + u and mg, 
and. find. the point in the horizontal line 
YZ drawn through 9 m, which fhall be a 
centre to: the arch 6 z, touching V @and the 
line u,* and deferibe. the arch @ 7. Set off 
mM zZ equal to Y Ce and. defcribe the indefinite 
arch mv from. Zasa centre, . Find the centre 
b of: an arch, which fhall touch the arches mv 


{ ond. note i in 1 this propofition + the centre is : 
found i in nthe fam manner as’ ‘hewn heres. ae 


nee 3. | ‘Brom 


C 33.9 

3. From the foregoing it will be feen how 
important it is, that:the thicknefs V F fhould 
he properly confidered; as from this the rela- 
tion of the other parts of the bridge are deter- 
mined, 

- 4. Thefe principles may be applied with 
the fame eafe to the conic fetions and mixed 
curves, as to the circle. | 

5. The whole or part of the middle arch 
may be given, and the mode of conftruction 
will remain the fame, 

When the number of arches in a ee 
exceed three, or in the cafe of three arches, 
defcribe any curve ‘or mixed curve which 
may be beft adapted to the defired form 
of the extrados of the bridge, having A V for 
a femiconjugate, and A B for a femitranfverfe 
axis:* the middle. arch being given, all the 
others will be found from ene CONCRINE, of 
the curve 24 BL - | 


PROPOSITION. 210 ae A. 


Fig 29. “Given: ‘the infide Re an a abaemene 
pier and bow. IMLF, and the infide of a 


- pier 
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pier and arch DCPB, whofe thicknefs at 
vertex is BE: below KD is a folid foun- 
dation. | 

Required the extrados and abutment pier 
IK, and the thicknefs of the pier D N? 

Draw PL, being a tangent to both the 
arches MILF and CBP, and the catenaria 
ERFH, (by Prop. ix. fe. 94.): the cate- 
naria is interfected by P L at R, and the arch 
MLFatF. Draw F A and R G perpendi- 
cular. Either A D or GD may be the width 
of the pier DN. From DH _ fubtract the 
thicknefs of the pier ND, and the remainder 
will be the thicknefs of the abutment pier; 
and the extrados of the bow will be in pro- 
portion to that abutment. ‘e 

By Prop. x. jig. 25. conftruct the extrados 
and abutment pier bed tothe arch Va W, 
having a basa thicknefs at the vertex, and d 
the level of a folid foundation. 

. This figure is a fection of Salifbury 
caihedral; from. Price’s obfervations on that 
building, © | 

It. ‘appears that the pier DNi is sinade- 
quate as an abutment pier for the arch V w, | 
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and is juft adequate as a pier for the arch 
BC; but the architect found that it was pru- 
dent to widen it.—(Sce the fets off r and m.) 
The following quotation is from Sir Chrif- 
topher Wren’s furvey of that cathedral. 
«© Almoft all the cathedrals of the Gothic 
‘* form are weak and defedtive in the poife of 
‘the vaults of the ifles: as for the vaults of 
‘‘ the nave, they are on both fides equally 
«« {upported, and propped up from fpreading, 
‘‘ by the bowes or flying buttrefles, which 
‘rife from the outward walls of the ifles, 
“ But for the vaults of the ifles, they are 
‘indeed fupported on the outfide by the 
‘ buttrefles, but inwardly they have no other 
 ftay but the pillars themfelves ; which, as 
“ they are ufually proportioned, if they ftood 
“alone without the weight above, could not 
“ refift the {preading of the ifles one minute, 
‘Truc, indeed, the great load above of the 
a ‘ walls, and vaulting of the nave, fhould feem 
‘to confine the pillars 3 in their perpendicular 
a ftation, that there. fhould be no need of 
“ buttment inward ; but. experience hath 
“fhewn the contrary. And there is fcarce 
cee “ “any. 
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** any Gothic cathedral that I have feen, at 
‘home or abroad, wherein I have ‘not ob- 
“* ferved the pillars to yield and bend inwards 
** from the weight of the vaults of the ifle. 
“ But this defect is moft confpicuous upon 
“the angular pillars of the crofs; for there, 
“not only the vault wants buttment, but 
‘alfo the angular arches that reft upon that 
‘‘ pillar; and, therefore, both confpire to 
“‘ thruft it inwards, towards the centre of 
** the crofs.”’ 

3. From the irenciaet it will be feen, that 
ee contradicts the theory which pro- 
pofes height as a fubftitute for abutments ; 
as it is. clear, however great the incumbent 
weight may be, no advantage is gained, ex- 
cept from the increafed cohefion. 

If the author's theory be true, the prin- 
ciples upon which Dr.’ Hutton propofes to 
conftru& the abutment piers, fo’ that they 
may be in equilibrio with the fhoot of their 
arches, | are incorreé: arches and their abut- 
ment piers ‘conftruéted according to the ex- 
amples 1: and 2. (pages. 63, 64, and 65, 
fecond edition of pS Treatile of Bridges,) 


~~ -could 
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could not ftand a moment; and further, 
the thicknefs of the pier in the latter example 
ought to be lefs than that in the firft. 

In corollary the fecond of the fe&ion of 
piers, in the fame work, there is the follow- 
ing conclufion: ‘ So that in this cafe it 
makes no difference of whatever height 
the pier is to the fpringing of the arch; 
‘‘ for though the drift of the arch be in- 
‘‘ creafed with the length of the lever, or 
« height of the pier, the weight of the pier 
“ itfelf, which acts againft it, 1s alfo increafed 
‘in the fame proportion.” And again, in 
the fubfequent fcholium: ‘“ In the fore- 
““ going propofition I have confidered cir- 
“cular arches only, as it will make no 
‘ difference of any confequence to fuppofe 
‘‘ the arches of ay other curve of the fame 
fpan or pitch.” 


~ 


To the former quotation the author 
oppofes his own theory and the uniform 
practice in all abutments; and. in refpect. 
to the latter, the form of curvature mutt 
neceffarily make a very important differ- 
ence in the fize of | the abutments, as 

| ‘ that 
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that fize 1s governed by the tangents of 
the curve.* 

The author would not have prefumed to 
have obferved, as he has done, on the work 
above mentioned, or to have contefted quef- 
tions of fo much difficulty with fo eminent a 
mathematician as Dr. Hutton, had the fub- 
ject been folely theoretical ; but the difference 
between them is upon the application of the 
laws of mechanics to practice. 

Fig. 30. is a fection of Weftminfter abbey. 
The catenaria a bc is drawn to fhew how 
nearly the abutment piers correfpond with 
the principles laid down in the preceding 
propofition. When there are double flying 
bows, as on the fouth fide of the abbey, the 
thicknefs of the fecond. piers may be found 
by drawing other catenaria over the firft 
bows, which will be interfeGed by the fe- 
cond bows in a fimilar manner to the firft. 


* The reader is referred to the Supplement to the third 
edition of the Encyclopedia Britannica, article Arch ; and 
is requefted to apply the obfervations generally upon arches, 
and particularly upon ‘the common theory of equilibration 
with that which is here fubmitted. 


‘Te 
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It will be feen alfo, that on the contrary, if 
the thicknefs of the piers be given, the fitua- 
tion of the flying bows may be found. The 
pillars A and B are evidently infufficient for 
the arches of the fide ifles, and have been 
found fo in the building. 

PLaTE 13. is a fection of the Chapter 
Houfe at Lincoln.* PLaves 14. and 15. are 
fections of Lincoln cathedral. The architect 
employed in the erection of thefe buildings 
has not followed implicitly the principles by 
which the architc¢éts were governed who 
ere4ted the other edifices of which fections are 
here given, The fituations and forms of the 
flying bows of the cathedral are not the moft 
advantageous, and the abutment piers are 
fomewhat deficient in fubftance; the walls of 
the nave have been confequently thruft out- 
wards, and the vaultings ftill continue that 


* Fig. 31. in this plate, is a drawing compofed of ftone 
vouffoirs, fufpended bet veen the towers of Lincoln eathe-. 
dral above the vaulting at the weft entrance. of the nave. 
The radius of this arch is about gt feet. This arch is 
given to fhew, that when the abutments are immoveable, 
how extremely thin an arch may be at the vertex. 


action 
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action upon them. The buttreffes to the 
Chapter Houfe, which are larger than necef- 
fary had the fpringing of the bows been 
lower, are thruft confiderably out of a per- 
pendicular, and one of the bows muft be im- 
mediately rebuilt. The author fuggefted to 
an intelligent carpenter, who attended him, 
the height in the abutment from which the 
bow fhould . fpring.* 

The ambitious hopes of attaining ftill fur- 
ther knowledge in the fcience of building, 
evidently induced the artift who conftructed 
thefe edifices to make the daring experiments 
in vaulting, which are there fhewn. Upon 
a reference to dates, it will be found, that 
Salifbury cathedral was erected foon after 
that at Lincoln: this circumftance, and the 
analogy between them, indicate, that to the 

* The quthor has obferved in his examination of build- 
ings, but particularly in cathedrals, that where irons have 
been introduced as: ties, that they are feldom fixed in the 
moft advantageous fituations, Asan inflance, the propofi- 
tion on flying buttreffes will thew, that the fpringing of an 
arch, | its tangent being a vertical line, is by no means the 


proper pofition for a tie, when the thruft of the arch is too 
great for the thickne(s of the abutment. 


ad 
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experience gained in the conftruclion of the 


latter, the former is indebted for much of the 
admiration it has occafioned. 


PLate 16. is a fection of Ely cathedral. 
Pravres 17. and 18. are fections of Peter- 
borough cathedral: the one is of the new 
building at the east end, and appears, from 
the flyle of architecture, to have been erected 
by the fame architect who erected King’s 
College Chapel, Cambridge. It 1s worthy of 
remark, that the roof of Peterborough cathe- 
dral is fimilar in principle to that defcribed 
to be in the fauxbourg Saint Honoré at 
Paris;* which, although without tie-beams, 
is ftated to have no Jateral thruft on the 
walls on which it refts. It appears, how- 
ever, that the architect here entertained a 
different opinion, and builders in general will 
dout t.the pofition. 

Puatr 1g. is a fection of York cathddral. 
The vaulting over the nave 1s wood; but it 
was the intention of the archite%t that it 


-* See Montucla’s Recreations in Neacmalics and Nes 
tural Philofophy ; tranflated by Dr. Hutton, 


ea 
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ihould be stone, as the parts of the flying 
buttreffes, the {tone couffinets, and the fize of 
the abutments, evidently fhew: the vaultings 
over the ifles are {tone. 


THE END. 


T. Benney, Printer, 
Bole Court, Ficet Street, London. 
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